Abstract. Cassels has described a pairing on the 2-Selmer group of an elliptic curve which shares some properties with the Cassels-Tate pairing. In this article, we prove that the two pairings are the same.
Introduction
In [3] , Cassels defined a pairing on the 2-Selmer group of an elliptic curve over a number field. It shares some properties with the extension of the Cassels-Tate pairing to the 2-Selmer group of an elliptic curve over a number field. He wrote "It seems highly probable that the two definitions are always equivalent, but the present writer is no longer an adept of the relevant yoga." (see [3, p. 115] ). In this article, we prove that the two pairings are the same.
The Cassels-Tate pairing is an alternating and bilinear pairing on the Shafarevich-Tate group of an elliptic curve over a number field. The fact that it is alternating gives information on the structure of the Shafarevich-Tate group. For n ≥ 2, its extension from the n-torsion of a Shafarevich-Tate group to an n-Selmer group can be used to determine the image of the n 2 -Selmer group in the n-Selmer group. This sometimes enables the determination of which elements of the n-Selmer group come from elements of the Mordell-Weil group and which come from elements of the Shafarevich-Tate group. The Cassels-Tate pairing is, unfortunately, quite difficult to evaluate in practice. The pairing defined by Cassels on the 2-Selmer group of an elliptic curve, however, is quite straightforward to evaluate. So it is useful to prove that the two pairings are equal on the 2-Selmer group of an elliptic curve.
In Section 2, we give the Weil-pairing definition and a new definition of the Cassels-Tate pairing extended to the n-Selmer group of an elliptic curve, under a hypothesis that is always satisfied for n a prime. In Section 3 we present the definition of the pairing defined by Cassels on 2-Selmer groups of elliptic curves. In Section 4 we present a large diagram and prove it is commutative. We also discuss why our methods do not easily generalise to n-Selmer groups for n > 2. We use this diagram to prove our main theorem in Section 5 that the pairing defined by Cassels is the same as the Cassels-Tate pairing on the 2-Selmer group of an elliptic curve over a number field.
Recently, Swinnerton-Dyer [13] has generalised Cassels' pairing on the 2-Selmer group, to a pairing between the m-Selmer group and the 2-Selmer group. In parallel with the results described above, we show that this pairing is again the Cassels-Tate pairing.
Two definitions of the Cassels-Tate pairing
Let E be an elliptic curve defined over K, a number field. The Cassels-Tate pairing is a pairing on X(K, E) taking values in Q/Z. We refer to [2] for the original definition. In the terminology of [6] this is the homogeneous space definition.
Let m, n ≥ 2 be integers. We are interested in the restriction of this pairing to the n-
is isomorphic to the quotient of S n (K, E) by the image of E(K)/nE(K) under the coboundary map. We write , CT for the extension of the Cassels-Tate pairing to
. By definition this pairing is trivial on the images of E(K)/mE(K) and
We recall an alternative definition of the Cassels-Tate pairing, called in [6] the Weil-pairing definition. For simplicity we assume that the natural map
to be the composition of ∪ e with the invariant map. We define a, a
Remark 2.3. The general form of the Weil-pairing definition, avoiding the hypothesis that (2.1) is injective, is given in [5, p. 97 ]. This variant is used in [6] to generalise Proposition 2.2 to abelian varieties.
Let C and D be torsors (i.e., principal homogeneous spaces) under E. A morphism π : D → C is called an n-covering if π(P + Q) = nP + π(Q) for all P ∈ E and Q ∈ D. If C = E is the trivial torsor, this coincides with the usual notion of n-covering of E. For Q 1 , Q 2 ∈ D we write Q 1 − Q 2 for the point on E determined by the fact D is a torsor under E. Following [12, Chapter 6] we define the coboundary map δ π :
In the case C = E, there is a standard bijection between the n-coverings of E up to K-isomorphism, and the Galois cohomology group
and we identify the K-isomorphism class of D with the class
. We give a new definition of the Cassels-Tate pairing, again under the hypothesis that (2.1) is injective. Let C be an m-covering of E over K representing a. By the hypothesis, a is divisible by n in the Weil-Châtelet group. So there is an n-covering π :
is represented by the cocycle dQ v − γ v appearing in the definition of , 1 .
The Cassels pairing
In [3] , Cassels defined a bilinear pairing , Cas on S 2 (K, E) taking values in µ 2 with the following properties. The element a ∈ S 2 (K, E) is in the image of S 4 (K, E) precisely when a, a
we have a, a = +1. These are properties of the Cassels-Tate pairing on a 2-Selmer group as well.
A mild generalisation of Cassels' construction, due to Swinnerton-Dyer [13] , gives a pairing
We work with this generalised form of the pairing, which we continue to denote , Cas . It reduces to Cassels' definition in the case m = 2.
We prepare to recall the definition of the pairing. The group
where ♦ denotes taking the product over one
, which we also denote w. Let r j be the restriction map from
. Shapiro's Lemma shows that the map r = ♦ r j is an isomorphism of
, which we denote H 1 (A, µ 2 ). For each j, we have a Kummer isomorphism from
2 . This induces an isomorphism, which we denote k, from
is represented by an m-covering C (which Cassels denotes D Λ ) of E. Swinnerton-Dyer [13] shows that there are rational functions f j on C, defined over K(θ j ), with the following three properties (i) div(f j ) = 2D j where [D j ] → T j = (θ j , 0) under the isomorphism of Pic 0 (C) and E, (ii) each K-isomorphism of K(θ i ) to K(θ j ) sending θ i to θ j sends f i to f j , (iii) the product f 1 f 2 f 3 is a square in K(C). He then shows that a 2-covering of C may be defined by setting each f j equal to the square of an indeterminate. In the case m = 2, Cassels gives an explicit construction of the f j (which he denotes
) and this makes it practical to compute the pairing. We write f for the element of A ⊗ K K(C) given by T j → f j .
Let v be a prime of K. Since C represents an element in S m (K, E), there is a point
The main diagram
Now let us introduce Figure 4 .1 which will enable us to prove that for a ∈ S m (K, E),
We can define the maps w, r and k locally, in an analogous way, and it will not change the image of M, locally. So we will not change our notation for these maps.
is the Galois module of maps from E[2] \ 0 to µ 2 , this identification induces a map t :
, and let N * be the map it induces on H 2 's. Let r j be the restriction map from
In the same was as for the H 1 's, Shapiro's Lemma shows that the map r = ♦ r j is an isomorphism of
be the composition of the invariant map with the isomorphism of 1 2 Z/Z and µ 2 , and likewise for inv j :
♦ µ 2 → µ 2 be the usual product in µ 2 .
Theorem 4.2. The diagram in Figure 4 .1 is commutative.
We prove this theorem using the following lemmas.
Lemma 4.3. Identify µ 2 ⊗ µ 2 = µ 2 as above. Then for all P, Q ∈ E [2] we have
e 2 (P, T ) ⊗ e 2 (Q, T ).
Proof. A trivial verification.
Lemma 4.4. Diagram (1) in Figure 4 .1 is commutative.
) be represented by cocycles which, for ease of notation, we also write as ξ and ψ. We have ξ ∪ e ψ : (σ, τ ) → e 2 (ξ σ ,
\ 0 and similarly for w(ψ). Thus Z/Z with µ 2 we obtain Corollary 4.9. Let s, s
Remark 4.10. It would be useful to have an analogue of Corollary 4.9 for elements of
) for general n (or at least for n prime). Lemma 4.4 depends on the equality in Lemma 4.3, which in turn only works for n = 2. This prevents any obvious generalisation to other values of n. Another difficulty is that we use µ 2 ⊂ K v in our proofs.
The main theorem
Let C be a torsor under E, and f ∈ A ⊗ K K(C) as described in Section 3. Let π : D → C be the 2-covering obtained by setting each f j equal to the square of an indeterminate. The following lemma is a variant of [7, Theorem 2.3] .
2 for all P ∈ C(K), away from the zeroes and poles of the f j .
. The construction of D gives that f j • π = t 2 j for some rational function t j on D, defined over K(θ j ). We claim that e 2 (S, T j ) = t j (S + X)/t j (X) for any X ∈ D(K) for which the numerator and denominator are well-defined and non-zero. Indeed, since the Weil pairing is a geometric construction we may identify D and E over K. This is an identification as torsors under E, so the action of E on D is identified with the group law on E. Then π is the multiplication-by-2 map on E, and our claim reduces to the definition of the Weil pairing in [11, Chapter III, §8] .
Putting S = σ Q − Q and X = Q gives e 2 ( σ Q − Q, T j ) = t j ( σ Q)/t j (Q) = σ (t j (Q))/t j (Q) for any σ ∈ Gal(K(θ j )/K). Then r j w(dQ) = (σ → σ (t j (Q))/t j (Q)) and k j r j w(dQ) = t 2 j (Q) = f j π(Q) = f j (P ).
As usual we identify 1 2 Z/Z with µ 2 .
Theorem 5.2. Let K be a number field and E an elliptic curve over K. Let a ∈ S m (K, E) and a ′ ∈ S 2 (K, E). We have a, a 
